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We present the results of an analysis of superradiant energy ow due to salar elds inident on
an aousti blak hole. In addition to providing independent onrmation of the reent results in
[5℄, we determine in detail the prole of energy ow everywhere outside the horizon. We onrm
expliitly that in a suitable frame the energy ow is inward at the horizon and outward at innity,
as expeted on physial grounds.
PACS numbers:
I. INTRODUCTION
The superradiane eet for a rotating blak hole desribes the situation where elds inident on a blak hole have
a reetion oeient greater than one, and energy is extrated from the blak hole. This theoretial predition is
extremely hard to test on remote astrophysial objets. In order to study this and other phenomenon of blak hole
physis, it is useful to have a blak hole analog whih an be studied in the laboratory. The most well known blak
hole analog was developed by Unruh who showed that many aspets of blak hole physis ould be reprodued in
supersoni uid ows [1℄. The aousti blak hole (or dumb hole) onsists of uid owing inward toward a uid sink.
If the rate of the uid ow inward beomes greater than the speed of sound in the uid at some radial distane from
the sink, sound waves annot esape from this event horizon. Sine Unruh's original proposal, many dierent kinds of
analogue blak holes have been proposed [2℄. At present, the Hawking temperatures assoiated with these analogue
blak holes are too low to be deteted, but the situation is likely to hange in the near future [3℄.
In this paper we study the rotating aousti blak hole rst onsidered in [4℄ and reently studied in detail in
[5℄. The uid is haraterized by an irrotational veloity potential that has a soni horizon and an ergoregion. The
orresponding veloity eld is given by:
~v = −A
r
rˆ +
B
r
φˆ (1)
where A and B are positive numerial onstants. We will work in dimensionless variables obtained by setting c = A = 1
(where c is the speed of sound). The solutions to the equation of motion for utuations in the veloity potential have
the form:
Ψ(t, r, φ) = R(r) e−i ωteimφ (2)
where ω is real and positive and m must be an integer for Ψ(t, r, φ) to be single valued. One denes a dierent radial
funtion, H(r):
R(r) =
H(r)√
r
exp
[
i
2
{
ω ln
(
r2 − 1)−m B ln(1− 1
r2
)}]
, (3)
2and introdues the tortoise oordinate:
r∗ = r +
1
2
ln
∣∣∣∣r − 1r + 1
∣∣∣∣ , (4)
whih ranges from [−∞,∞] as r ranges from [1,∞] (note that r = 1 is the event horizon). We obtain the dierential
equation [5℄:
d2H(r∗)
dr∗2
+
[(
ω − Bm
r2
)2
−
(
1− 1
r2
){
1
r2
(
m2 − 1
4
)
+
5
4
1
r4
}]
H(r∗) = 0. (5)
We solve these equations numerially using the asymptoti solutions as boundary onditions. Enforing the ondition
that the only physial solution at the event horizon is the ingoing one, we obtain:
H(r∗) = R ei ω r∗ + e−i ω r∗ for r∗ →∞ (6)
H(r∗) = T e−i(ω−mB)R∗ for r∗ → −∞,
where R and T are the amplitudes of the reeted and transmitted waves and are related by the ondition [6, 7℄:
1− |R|2 =
(
1− mB
ω
)
|T |2 . (7)
For ω < mB the reetion probability |R|2 has magnitude greater than 1. Superresonane ours when solutions
exist to (5) that approah the asymptoti forms (6) for parameters that satisfy this ondition.
The potential funtion in square brakets in (5) is shown in Fig. (1) for dierent values of B.
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FIG. 1: Graph of V(r) vs. r for values of B shown in the legend.
Our numerial solutions to (5) agree with those of [5℄. Results for the reetion oeient are shown in Figs (2-3).
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FIG. 2: Graphs of |R|2 vs. ω for m = 1 and various values of B as shown in the legends.
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FIG. 3: Graphs of |R|2 vs. ω for m = 2 and values of B shown in the legends.
The superresonane eet is signiant even for small values of B, and an be larger than 75% for large values of
B. For m = 2 the superresonant eet is still signiant but dereases with inreasing m. Note that superresonane
does not our for negative values of m.
II. SIZE OF THE SUPERRADIANCE EFFECT
The size of the superresonant eet is somewhat unexpeted onsidering that the superradiane of rotating astro-
physial blak holes is always less than ∼ 0.2% [8℄. It has been pointed out in [5℄ that another fundamental dierene
between aousti blak holes and astrophysial blak holes is that there is, in priniple, no upper limit on the rota-
tional veloity of the aousti blak hole. Related to this is the observation that in the aousti blak hole there is
no limit on the size of the ergoregion whereas the equatorial radius of the ergoregion in the Kerr blak hole annot
be any bigger than twie the radius of the event horizon. The superresonane eet, whih is related to the Penrose
proess, should have some onnetion to the size of the ergoregion and, as we will disuss later, the region of negative
eetive potential energy. Neither of these observations, however, aount for the dierene in the magnitude of the
superresonant eets. The superresonane eet in aousti blak holes is signiant even when the radius of the
ergoregion is only slightly greater than the event horizon.
Our results indiate the existene of a maximum value of the superresonane eet as a funtion of B. (We note
that the theory behind this analysis is not valid for arbitrarily large values of B. The aousti metri is derived using
hydrodynami approximations, but if the angular omponent of the veloity is large enough the dispersion relation for
the uid will invalidate the assumption of a hydrodynami model. It is estimated that the theory is valid for B ≪ 7
[5℄). The results are shown in the left panel of Fig. (4).
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FIG. 4: The left panel is a graph of the maximum value of |R|2 versus B for m = 1 using units where A = c = 1. The right
panel is a graph of |R|2 versus ω for m = 2 and δ = 10
We nd that |R|2 never rises above 2 and is a monotonially inreasing funtion of B.
It is interesting to note that the existene of a limit to the size of the reetion oeient an be seen expliitly
by using a dierent set of variables. Dening δ = B/ω in (5) we nd that the reetion oeient asymptotially
approahes its maximum value for xedm and δ (see right panel of Fig. 4). These variables were used in the analytial
analysis of Ref. [7℄ (whih did not onsider the limit of large ω).
Ignoring for the moment the restritions imposed by hydrodynamis, there is no apparent reason that |R|2max annot
be arbitrarily large, for arbitrarily large values of B. It is interesting to verify that one an reprodue this asymptoti
behaviour in simple model that an be solved analytially. We onsider the general equation
d2H
dx2
+ V (x)H = 0 (8)
and use a potential of the form:
V (x) =


ω21 x < −a
ω22 −a < x < a
ω23 x > a
ω3 = αω1; ω2 = βω1 (9)
We use a solution of the form
H(x) = A exp(iω1x) +B exp(−iω1x) x < −a
= C exp(iω2x) +D exp(−iω2x) − a < x < a
= E exp(iω3x) x > a
(10)
and demand ontinuity of H(x) and it's derivative at x = ±a to obtain |R|2 + α|T |2 = 1 and
|R|2 =
(1− α)2 cos2(2ω2a) + (β − αβ )2 sin2(2ω2a)
(1 + α)2 cos2(2ω2a) + (β +
α
β
)2 sin2(2ω2a)
|T |2 = 4
(1 + α)2 cos2(2ω2a) + (β +
α
β
)2 sin2(2ω2a)
|R|2 + α|T |2 = 1
For β 6= 1 superresonnane ours for α < 0. The analyti results for this simple model learly indiate the existene
of a maximum value for |R|2 (see Fig. 5), in analogy with the numerial results for the aousti blak hole. Further
analysis is required to determine whether or not this is a generi property of superresonane.
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FIG. 5: Left panel is a graph of |R|2 versus α with 2αω2 = 10. From the top the urves have α = .5β, α = .4β, α = .3β and
α = .2β. Right panel is same graph with 2αω2 = 5.
III. ENERGY FLOW
Our numerial results, obtained onurrently with those of [5℄, onrm the existene of superresonnant solutions
for aousti blak holes. If these mathematial solutions orrespond to a physial eet, it should be possible to verify
that there is a net outward ow of energy from the blak hole whenever the ondition |R|2 > 1 is satised. Moreover,
for both superresonnant and non-superresonnant solutions, we should nd that the energy ow asymptotially lose
to the event horizon is inward, sine energy should not be able to esape from within the event horizon. These points
are well understood in astrophysial blak holes [9℄ but have not been studied in detail in the present ontext. The
purpose of this setion is to verify that the numerial solutions to the dierential equations found in this paper and
in [5℄ do indeed give rise (in a suitable frame) to energy ow that is outward in the region asymptotially far from the
event horizon, and inward in the region asymptotially lose to the event horizon, as expeted on physial grounds.
Consider the asymptoti form of the solution very lose to the horizon. From (6) we have:
H(r∗) = T exp {i σ r∗} where σ = −(ω −mB), (11)
In the region of parameter spae where superresonane ours (
mB
ω
> 1) we have σ > 0 and thus, aording to an
observer at innity, the solution at the event horizon is an outgoing wave with phase veloity given by:
vphase =
σ
ω
= −(1− mB
ω
). (12)
Naively, this result might suggest a onnetion between a positive outgoing phase veloity asymptotially lose to the
event horizon, and the positive energy extrated from a superresonnant aousti blak hole (see Appendix B of [10℄).
A similar result was found in [8℄ where it was laimed that, for a light pulse with superradiant frequeny inident on
a rotating astrophysial blak hole, the energy owing out of a surfae very near the event horizon is positive and
only slightly less than the energy owing out of a surfae very far from the blak hole. However, as mentioned above,
outward energy ow arbitrarily lose to the event horizon essentially orresponds to energy oming out of the event
horizon. Thus, this naive argument, and the results of [8℄, seems to suggest unphysial solutions.
However, as is well known, the diretion of the energy ow is governed by the group veloity, and not the phase
veloity. In this ase the group veloity is given by [11℄:
vgroup =
dσ
dω
= −1 (13)
whih means that, at the event horizon, energy is owing inward at the speed of sound, in apparent ontradition to
statements made in [8℄ (see endnote [12℄).
In order to analyse the energy ow of our solutions, we note that the energy ux aross an ar dS of a irle of
onstant r with unit normal vetor rν is given by:
dE = Tαβtαrβ dS = T
0r dS. (14)
where Tαβ is the stress-energy tensor of the massless salar eld and is given by:
Tαβ = gµαgνβTµν ; Tµν =
1
2
(∇µΨ∗∇νΨ+∇µΨ∇νΨ∗)− 1
2
gµν∇λΨ∇λΨ∗. (15)
6In terms of the numerial solutions for H(r∗) the T 0r omponent of the stress energy tensor is:
T 0r =
(
1− 4m2 − 1
r2
− 4(Bm−r2ω)
r2−1
)
H(r∗)H∗(r∗)
8r4ρ40
+
H ′(r∗) (H ′(r∗))
∗
2(r2 − 1)ρ40
− i(Bm− r
2ω)
{
H(r∗) (H ′(r∗))
∗ −H ′(r∗)H∗(r∗)}
2r(r2 − 1)ρ40
− H(r
∗) (H ′(r∗))
∗
+H ′(r∗)H∗(r∗)
4r3ρ40
(16)
We use the numerial solutions of the dierential equation to study the energy ow in both superresonant and
non-superresonant ases. In non-superresonant ases we nd that, as one would expet, the energy ow is inward for
all values of r. An example is shown in Fig. (6).
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FIG. 6: Graph of the rate of outward energy ow aross a irle of radius r surrounding the aousti blak hole for B = 0.5,
m = 1 and ω = 1. The energy ow is stritly negative indiating that net energy ow is inward everywhere.
In superresonant ases we nd that the energy ow is inward in the region near the horizon and outward far from
the horizon (see Fig. 7).
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FIG. 7: Graph of the rate of outward energy ow aross a irle of radius r surrounding the aousti blak hole for B = 1,
m = 1 and ω = 1. Far from the event horizon the rate of outward energy ow is positive whih indiates superresonane. The
energy ow near the horizon (r = 1) is negative indiating that the energy ow is inward.
As a hek of the numerial results, we have onrmed that in the limit r → 1, the numerial result for the energy
ow approahes the result that one obtains analytially using the asymptoti solution (6). In both ases the energy
ow asymptotially approahes a onstant value as r →∞.
We have also studied how the energy ow, at a xed value of r far from the blak hole, depends on the frequeny
ω of the inident wave. The results are shown in Fig. (8).
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FIG. 8: Graph of outward energy ow through a irle at r = 20 as a funtion of ω for m = 1 and dierent values of B. As ω
inreases, net outward energy ow eases in eah ase very lose to the uto frequeny ω = mB, for the superresonane eet.
Comparing this graph with the rightmost graph in Fig. (2) we an see that for eah value of B, the range of ω for
whih the energy ow is positive is almost exatly equal to the range of ω for whih |R|2 > 1 (whih is given by
ω < mB). We note that the value of ω for whih the energy ow hanges sign approahes ω = mB, in the limit that
we look at the energy ow asymptotially far from the aousti blak hole. At nite radius, the frequeny at whih
the diretion of the energy ow hanges is always bigger than ω = mB.
The radius for whih the energy ow beomes positive an be related to a parameter of the well funtion. From
Fig. (1) it an be seen that the well funtion ontains a small negative region. We all the smallest value of r for
whih the potential rosses zero r1, and the larger value of r where the potential beomes positive again is alled r2.
In all ases, the energy ow beomes positive at r > r1. This result is shown in Fig. (9).
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FIG. 9: Graph of the well funtion for B = 1.6, m = 1 and ω = 1 (solid line), and the rate of energy ow as a funtion of r
for same parameters (dotted line). The net energy ow beomes outward at a radius greater than the smallest value of r for
whih the potential rosses zero.
This result is reminisent of the Penrose proess, where energy an be emitted by an astrophysial blak hole by
reation of bak to bak photons in a region where the eetive potential for partiles travelling opposite to the
rotation of the blak hole is negative. In the present ase, the loation of the transition between outward and inward
energy ow satises r > r1, but not r2 > r > r1.
These results onrm that there is a net outward ow of energy from a rotating aousti blak hole in the super-
resonant regime of parameter spae. The energy originates a nite distane outside the event horizon, and the energy
ow lose to the event horizon is inward. We onlude that the numerial superresonant solutions obtained in our
analysis and that of [5℄ are physial solutions.
8IV. CONCLUSION
To summarize, we have obtained, onurrently and in agreement with the authors of [5℄, a maximum superresonane
eet that orresponds to an inrease in the reeted amplitude with respet to the inident amplitude that is on
the order of 100% (apart from any limits imposed by hydrodynamis). An analyti solution of a one dimensional
toy model with similar properties is also shown to exhibit suh a maximum. By analysing the energy ow, we have
expliitly shown that the properties of the energy ow arising in the numerial superresonant solutions are onsistent
with physial expetations.
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